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Abstrat. We study the eet of dissipation on the innite randomness xed point
and the Griths-MCoy singularities of random transverse Ising systems in hains,
ladders and in two-dimensions. A strong disorder renormalization group sheme
is presented that allows the omputation of the nite temperature behavior of the
magneti suseptibility and the spin spei heat. In the ase of Ohmi dissipation the
suseptibility displays a rossover from Griths-MCoy behavior (with a ontinuously
varying dynamial exponent) to lassial Curie behavior at some temperature T ∗. The
spei heat displays Griths-MCoy singularities over the whole temperature range.
For super-Ohmi dissipation we nd an innite randomness xed point within the
same universality lass as the transverse Ising system without dissipation. In this ase
the phase diagram and the parameter dependene of the dynamial exponent in the
Griths-MCoy phase an be determined analytially.
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1. Introdution
The interplay between quantum utuations and quenhed disorder in the form of
an extensive amount impurities or other random spatial inhomogeneities an lead to
a new lass of quantum phase transitions, governed by an innite randomness xed
point (IRFP) as established for transverse Ising models [1℄ and many other disordered
quantum systems (for an overview see [2℄). Besides unusual saling laws at the transition
the IRFP is haraterized by a whole parameter range around the transition, in whih
physial observables display singular and even divergent behavior in spite of a nite
spatial orrelation length. This is the manifestation of Griths-MCoy singularities or
quantum Griths behavior [3, 4, 5, 6, 7℄. They have their origin in rare regions of
strongly oupled spins (or other quantum mehanial degrees of freedoms) that tend to
order loally and thus produe a strong response to small external elds, long relaxation
(or tunneling) times and small exitation energies.
If the underlying quantum phase transition is governed by an innite randomness
xed point the statistis of these rare events leads to a power law divergene of the
suseptibility in a region around the quantum ritial point with a ontinuously varying
exponent. This dynamial exponent determines all singularities in the Griths-MCoy
phase. Continuously varying exponents, interrelated in a spei way for dierent
physial observables, were observed in many heavy-fermion materials, and it was argued
that this is a manifestation of Griths-MCoy behavior due to an underlying IRFP
[8, 9℄. In essene these systems form loal moments that interat via long-range RKKY
interation and have a strong Ising anisotropy, suh that an eetive model desribing
these degrees of freedom and their interation is a random transverse Ising system.
Later it was argued that due to the interation via band eletrons the eetive spin
degrees of freedom are strongly oupled to a dissipative Ohmi bath [10, 11℄. From this
point of view the rare regions should be desribed by spin-boson systems, whih are
known to behave lassially for suiently strong oupling to the dissipative bath [12℄,
whih would destroy the expeted Griths-MCoy singularities.
Sine in the presene of dissipation rare regions an undergo phase transitions and
freeze independently from one another (like in the MCoy-Wu model in the mean-eld
approximation [13℄), the global phase transition of the system is destroyed by smearing
beause dierent spatial parts of the system order at dierent values of the ontrol
parameter [14, 15℄.
Reently we analyzed the random transverse Ising hain oupled to a Ohmi
dissipative bath with a strong disorder renormalization group (SDRG) sheme and ould
demonstrate that the transition is indeed smeared, but argued that Griths-MCoy
singularities are still observable, at least down to very low temperatures also in the
presene of dissipation [16℄. This was done by analyzing the gap and luster distribution.
In this paper we ontinue and extend this SDRG study by a) analyzing the low
temperature behavior of the magneti suseptibility and the spin spei heat in the ase
of Ohmi dissipation, where we will argue that Griths-MCoy singularities are visible
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at all temperatures in the spei heat and above a (small) rossover temperature in
the suseptibility; b) onsidering in addition to hains also ladders and two-dimensional
systems, where we obtain similar results as for the hain; and ) applying the SDRG
also to super-Ohmi dissipation, where we nd a quantum phase transition belonging
to the same IRFP universality lass as the system without dissipation and ompute
analytially the phase diagram and dynamial exponent in the Griths-MCoy phase.
The system that we study is the random transverse Ising model where eah spin
is oupled to a dissipative bath of harmoni osillators, i.e. ferromagnetially oupled
spin-boson systems [12℄. It is dened on d-dimensional square lattie of linear size L




























where σx,zi are Pauli matries and the masses of the osillators are set to one. The
quenhed random bonds Ji (respetively random transverse eld hi) are uniformly
distributed between 0 and J0 (respetively between 0 and h0). The properties of the














sθ(Ωi − ω) , (2)
where Ωi is a uto frequeny and θ(x) the Heaviside funtion suh that θ(x) = 1 if x > 0
and θ(x) = 0 if x < 0. The ase s = 1 is known as Ohmi dissipation although s > 1
(respetively s < 1) orresponds to a super-ohmi (respetively sub-ohmi) dissipation.
Initially the spin-bath ouplings and ut-o frequenies are site-independent, i.e. αi = α
and Ωi = Ω, but both beome site-dependent under renormalization.
2. Real spae renormalization.
2.1. Deimation proedure.
In this setion, we derive in detail the real spae renormalization sheme to study
dissipative random transverse Ising model as in Eq. (1). For simpliity, we present the
alulation in dimension d = 1 (extensions to higher dimensions are disussed below)

























To haraterize the ground state properties of this system (1), we follow the idea of a
real spae renormalization group (RG) proedure introdued in Ref. [17℄ and pushed
further in the ontext of the RTFIC without dissipation in Ref. [3℄. The strategy is to
nd the largest oupling in the hain, either a transverse eld or a bond, ompute the
ground state of the assoiated part of the Hamiltonian and treat the remaining ouplings
in perturbation theory. The bath degrees of freedom are dealt with in the spirit of the
adiabati renormalization introdued in the ontext of the (single) spin-boson (SB)
model [12℄, where it desribes aurately its ritial behavior [18℄.
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2.1.1. When the largest oupling is a bond. Suppose that the largest oupling in the































Let us rst fous on H
(0)
2 in Eq. (4) and rst introdue the notation for the spin part
|S〉 ≡ |S2, S3〉, with Si = ±1 suh that σzi |S〉 = Si|S〉 for i = 2, 3. Considering now the
two baths on site i = 2, 3 respetively, they are omposed of a set of harmoni osillators
whih are labeled by an integer k (whih formally runs from 0 to ∞) and by i = 2, 3.











In the absene of the oupling between the spins and the bath, H
(0)
2 an be
straightforwardly diagonalized by tensorial produts of |S〉 and |nk,i〉. The orresponding
eigenvalues are simply the sum of the eigenvalues of the individual Hamiltonians in Eq.
(4) without the last term of interation. The oupling between the spins and the baths
does not hange these eigenvalues (up to a global shift) and only aets the eigenstates.








|nk,j〉 , j = 2, 3 , (6)
from whih we an onstrut the eigenvetors of H
(0)
2 , inluding the interation between
the baths and the spins as
|S,n〉 = |S2, S3〉 ⊗ |n
S2







The eigenvalues of H
(0)
2 are given by
H
(0)






















Eah level is thus a priori degenerated twie (exept aidental degeneray) and in the
limit of large oupling J2 we rst restrit ourselves to the lowest energy levels, suh
that S2S3 = +1. Performing perturbation theory in V , one obtains that the rst order
orretions vanish. To seond order in V , one has to diagonalize the 2×2 matrix V (2) in
the eigensubspae assoiated to the zeroth order eigenvalue E
(0)
S,n with S2S3 = +1 whih
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3 〉 . (11)
In the absene of a oupling to the dissipative bath (i.e. Ck,i = 0 for all k and i)
the shifted eigenstates (6) are idential with the non-shifted eigenstates and therefore
〈n−i |n
+














21 = −h2h3/J2. This matrix
has two eigenvalues whose dierene, the gap, is 2h2h3/J2. Thus for eah osillator state
the low lying exitations ofH2 in (4), with S2 = S3, an again be desribed by an eetive
two-state system, i.e. a spin in a transverse eld of strength h′ = h2h3/J2. The spirit of
the strong disorder renormalization group is to keep this eetive two-level system (for
eah osillator state) and to neglet the large energy doublet with S2 6= S3. In this way
one has replaed two spins (with moments µ2 and µ3) and a large oupling J2 between
them by a single eetive spin with moment µ2+µ3 in a small transverse eld h2h3/J2,
thus one degree of freedom with a large energy has been deimated.
In the presene of non-vanishing ouplings Ck,i to the osillators one needs to
deimate also the high energy modes of the bath suh that ωk,i > pJ2, where p is
some (large) number. Given that J2 is a large energy sale, the low lying energy levels
will be those with nk,i = 0 for ωk,i > pJ2. Therefore we deompose the osillator states
aording to
|nSi 〉 = |n
<S
i 〉 ⊗ |n
>S
i 〉 , (12)












where k<i = {k|ωk,i ≤ pJ2} and k
>
i = {k|ωk,i > pJ2}. Additionally we introdue the






energy sales smaller than pJ2 all osillators with frequenies larger than pJ2 will be in
their ground states, and therefore we will onsider the matrix elements in (10) and (11)
only for osillator states |n+〉 = |n<+〉 ⊗ |o>+〉. For these states the two sums on the





















To leading order in J2 one an neglet the term
∑
k<(nk,2 −mk,2)ωk,2, sine it involves
only frequenies smaller than pJ2. Then the sum over the low frequeny osillator states
|m<i 〉 yields one sine they form a omplete basis for the low frequeny osillator Hilbert
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spae and the individual terms in the sum do not depend on the quantum numbers n
<
i


































Note that this expression does not depend on the quantum numbers n
<
for the low
































































where we have used the denition of the spetral density in Eq. (2). Sine the diagonal
term does not depend on n
<
the diagonalization of V (2) yields (up to seond order) the
following orretion to the lowest eigenvalues
E
(2)































k,i is a onstant, independent of n
<
. We now


















where the frequenies are suh that ωk,i < pJ2. The eetive spins being oupled to
both baths, one has
J˜2(ω) = θ(pJ2 − ω)(J2(ω) + J3(ω)) . (21)
Treating the small parameter h˜2 in (degenerate) perturbation theory, one obtains the





















3 〉 . (22)
The omparison between Eq. (19) and Eq. (22) shows that the low energy spetrum of
the two interating spin-bosons in H2 an be desribed by a single spin-boson system





α˜2 = α2 + α3 , Ω˜2 = pJ2 , (24)
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where A, whih depends on the parameters of the Hamiltonian H2, is given by Eq. (18)
and the equalities in (24) are a diret onsequene of Eq. (21). This eetive spin-boson
will interat ferromagnetially with the spin-boson on site 1 and site 4 with ouplings
J˜1 = J1 , J˜2 = J3 . (25)
These relations (23), (24) and (25) onstitute the rst set of deimation rules.
2.1.2. When the largest oupling is a eld. Suppose now that the largest oupling in
the hain is a transverse eld, say h2. Before we treat the oupling of site 2 to the rest






3 perturbatively as in [3℄ we onsider the part of the
Hamiltonian that represents a single spin-boson system














In this ase, one would like to have a way to deimate the high energy modes of the
bath, here the harmoni osillators suh that ωk,2 > ph2, where p is some (large) number.
Sine for those osillators ωk,2 ≫ h2 one an assume that they adjust instantaneously to
the urrent value of σz2 the renormalized energy splitting is easily alulated using Eq.
(22)  the so alled adiabati renormalization [12℄ and one gets an eetive transverse
eld h˜2 < h2:
h˜2 = A













If h˜2 is still the largest oupling in the hain the iteration (27) is repeated. Two situations
may our depending on the parameters s and αi.
































, s = 1, α2 < 1 ,
(29)
where the expression of h∗2 for s > 1 is valid only in the limit ph2 ≪ Ω2. In this
ase, the spin-boson system at site 2 is in a deloalized phase in whih the spin and
the bath an be onsidered as being deoupled (formally α2 = 0), as demonstrated
by an RG treatment in [18℄. If this value h∗2 (29) is still the largest oupling in
the hain the spin on site 2 will be aligned with the transverse eld. As in the
RTFIC without dissipation, this spin is then deimated (as it will not ontribute to
the magneti suseptibility) and gives rise, in seond order degenerate perturbation
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• If s = 1 and α2 > 1, h˜2 an be made arbitrarily small by repeating the proedure
(27) implying that the SB system on site 2 is in its loalized phase [18℄ and
essentially behaves lassially: the deimation rule (27) indeed amounts to set
h˜2 = 0. Suh a moment, or luster of spins, will be aligned with an innitesimal
external longitudinal eld and is denoted as frozen.
These relations (27-30) onstitute the seond set of deimation rules. The omplete
deimation proedure is skethed for the Ohmi ase in Fig. 1.
Figure 1. Left: Sketh of the adiabati renormalization of the bosoni bath for
a single spin-boson system in the Ohmi ase: The fast osillators with frequenies
ω > ph, where h is the transverse eld ating on the spin and p an arbitrary large
parameter, are treated in the adiabati approximation resulting in a renormalized
transverse eld h˜ for the spin and a dereased upper ut-o frequeny Ω˜max for the
bosoni bath. This proedure is ontinued until it runs into a xed point, where either
the renormalized eld h∗ vanishes (for α > 1) and the spin is frozen, or the renormalized
eld h∗ has a positive value, in whih ase it is a nonfrozen spin in a transverse eld h∗,
deoupled from the bath. Right: Sketh of the SDRG in the presene of a dissipative
bath for the Ohmi ase. When a eld h is the largest oupling (top), rst the osillator
bath is renormalized along the lines sketh on the left site. One this is done and the
eld is still the largest oupling the spin gets deimated as desribed in the text. When
a bond J between two spins at site 2 and 3 is the largest oupling the two spins get
deimated to form a luster with moment µ2 + µ3, oupled to a ombination of bath
2 and 3, i.e. a new dissipative bath with oupling strength α2 + α3.
2.2. Numerial implementation.
In the following we analyze this RG proedure dened by the deimation rules (23-25, 27-
30) numerially. This is done by onsidering a nite system of linear size L with pb and
iterating the deimation rules until only one site is left. This numerial implementation
has been widely used in previous works [2, 19℄, and it has been shown to reprodue
with good auray the exat results of Ref. [3℄ for the RTFIC [19℄. In partiular, the
transverse eld h ating on the last remaining spin is, at low ferromagneti oupling J0,
an estimate for the smallest exitation energy. Its distribution, PL(h/Γ0), where Γ0 is
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the largest oupling in the initial system of linear size L, reets the harateristis of
the gap distribution [5℄. This quantity, and speially its dependene on the system
size L an be eiently used to haraterize Grith-M Coy singularities and ritial
behavior haraterized by an innite randomness xed point.
3. Ohmi dissipation.
Ohmi dissipation means s = 1 in (2), i.e. a spetral funtion for the osillators that is
linear in the frequeny (up to the upper ut-o Ω). For a single spin in a transverse eld
h and oupled to suh an Ohmi bath, a lot of results are available [12℄. Here we mention
only that this system has a phase transition at zero temperature driven by the oupling
strength α. For small α the spin an still tunnel quantum mehanially, whereas for
large α the spin is frozen and behaves lassially, the ritial oupling strength αc(h)
is equal to 1 in the limit where h/Ω ≪ 1 where Ω is the ut-o frequeny of the bath,
an exat result predited orretly by the adiabati approximation mentioned above.
Suh a transition is also present in an innite ferromagneti spin hain oupled to a
dissipative bath, as it was shown reently numerially [20℄. Here we want to fous
on the interplay of disorder, quantum utuations and dissipation and study random
transverse eld Ising systems oupled to a dissipative environment by implementing the
deimation rules (23-25, 27-30) for ohmi dissipation. For s = 1, the amplitudes A in














3.1. One dimensional system : Random transverse eld Ising hain.
3.1.1. Gap distribution : nite size analysis. The RTFIC oupled to a ohmi bath was
treated in detail in Ref. [16℄. We just reall here the main results. Sine the last spin
an either be frozen (i.e the last eld h is zero) or non-frozen we split PL(h/Γ0) into two
parts:
PL(h/Γ0) = ALP˜L(h/Γ0) + (1−AL)δ(h/Γ0) , (32)
where P˜L(h/Γ0) is the restrited distribution of the last elds in the samples that are
non-frozen and AL is the fration of these samples. It, or equivalently P˜L(log(Γ0/h)),
represents the distribution of the smallest exitation energy in the ensemble of non-
loalized spins. At low oupling (small J0 or small α), P˜L(log(Γ0/h)) shows indiations
of Griths-MCoy singularities haraterized by the following saling behavior for P˜L
P˜L(log(Γ0/h)) = P(log(Γ0/hL
z)) , (33)
where z is a dynamial exponent ontinuously varying with (J0, α, et.). As the
oupling is inreased, z is also inreasing and eventually, at some pseudo-ritial point,
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whith ψ ≃ 0.32 [16℄ is a ritial exponent haraterizing the IRFP. Notie that
this value of ψ is dierent from ψRTFIC = 1/2 omputed exatly for the RTFIC
[3℄. The main striking point in the ase of ohmi dissipation is that although the
restrited distribution P˜L(log(Γ0/h)) displays Grith's like behavior like in Eq. (33) the
magnetization beomes nite above a ertain length sale L∗. This nite magnetization
is a manifestation of the frozen lusters whih lead to the onept of rounded quantum
phase transitions in the presene of dissipation [14℄. Due to these frozen lusters, the
amplitude AL deays exponentially above L
∗
, with AL ∝ e−L/L
∗
. However, as we pointed
out in Ref. [16℄, the interpretation of the nite size analysis (32,33,34) in presene of
dissipation has to be done arefully. Indeed in Ref. [16℄ we suggested that despite
the presene of these frozen lusters, Grith's singularities should be observable in the
suseptibility χ(T ), above a ertain temperature T ∗ ∝ L∗−z as well as in the spei
heat Cv(T ). This property an atually be shown (see Appendix A) on a toy model
where one onsiders a RTFIC without dissipation but with a nite fration ρ of zero
transverse elds.
Here we will use this strong disorder approah to extrat thermodynamial
properties of the full problem desribed by the Hamiltonian (3).
3.1.2. Suseptibility at nite temperatures. The SDRG suessively eliminates degrees
of freedom with a large exitation energy from the starting Hamiltonian, thereby
reduing ontinuously the maximum energy sale of the eetive Hamiltonian. If
ontinued down to the smallest energy sale the nal eetive Hamiltonian (onsisting
only of a single but large luster in an eetive transverse eld) provides information
about the ground state of the starting spin hain, the gap, the size, the geometry, et... of
the smallest exitation energy. To extrat information on thermodynami properties, at
low but non-vanishing temperatures, one has to stop the RG proedure at an energy sale
of the same order of magnitude as the temperature T : lusters (or degrees of freedom)
that are already frozen at this energy sale will not be ative at this temperature and
behave like lassial spins (at this temperature). The thermodynamial properties,
observables like suseptibility or spei heat, will be determined by the ative, i.e. not
yet frozen lusters.
It is instrutive to have a look at the number and size of frozen lusters as a funtion
of the upper ut-o energy, whih we identify now with the temperature T . As one an
see from the left panel of Fig. 2 the number of frozen lusters is zero at high temperatures
(simply beause α < 1) and inreases rapidly with dereasing temperature before it
reahes a maximum and then dereases. The initial inrease is due to the formation of
many small lusters that behave like lassial spins at the orresponding temperature
with moments of the order of 10. The subsequent derease of the number of lusters
orrelates with an inrease in the size of the lusters as an be seen in th right panel
of Fig. 2 and whih is due to the oalesene of small lusters into larger ones at the
orresponding temperatures.
With this piture in mind we estimate the zero frequeny suseptibility χ(T ), as











































Figure 2. Number (left) and size (right) of frozen lusters in the disordered hain
oupled to an ohmi bath as a funtion of temperature T for dierent values of α.
Shown are data for a single large disorder realization, the size is L = 40000, the
disorder strength is h0 = 1, J0 = 0.025. For this value of J0 the pseudo ritial point
is loated at α = 0.2 [16℄.
the sum of two ontributions χ(T ) = χactive(T )+χfrozen(T ), one arising from the ative,
i.e. non frozen spins, χactive(T ) and one from the frozen ones, χfrozen(T ). In doing
this, we assume that the interation between the frozen and the non frozen lusters is






ρ(ǫ)(1− exp (−βǫ)) (35)
with β = 1/T . To estimate the density of states ρ(ǫ) using our RG sheme we ompute
the distribution of the amplitudes of elds and bonds whih are deimated during the
renormalization proedure [1℄. Having omputed ρ(ǫ), we then perform numerially
the integration in Eq. (35) to ompute χactive(T ). In the Grith's region where the
restrited distribution sales with L as in Eq. (33), one has ρ(ǫ) ∝ ǫ−1+1/z and thus
χactive(T ) ∝ T
−1+1/z
. On the other hand, eah (quantum mehanially) frozen spin





where Nfrozen(T ) denotes the number of frozen spins at temperature T and its nite T
dependene is omputed as explained above. We have omputed χ(T ) using our RG
sheme for a system of size L = 4096 for dierent values of α = 0.15, 0.17, 0.19, 0.20
and 0.22 for J0 = 0.025. In eah ase, χ(T ) is averaged over 10
4
dierent realizations
of the random ouplings and the plots are shown on the left panel of Fig. 3. Let us
rst onsider the urves for α < 0.2, where the restrited distribution P˜L(log(Γ0/h))
shows a saling with L as in Eq. (33) [16℄. For low temperatures still above some
temperature T ∗, T > T ∗, one sees in the left panel of Fig. 3 that χ(T ) is dominated
by χactive(T ) ∝ T−1+1/z, for α < 0.2. In this regime of dissipation, one observes
that the slope of χ(T ) in a log-log plot depends on α: this is the harateristis of
Grith's behavior. At lower temperature T < T ∗, χ(T ) is dominated by the 1/T
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Figure 3. Left: Magneti suseptibility χ(T ) for a disordered hain oupled to
an ohmi bath as a funtion of temperature for dierent oupling strength α. The
suseptibility is alulated as χ(T ) = χactive(T ) + χfrozen(T ) using Eq. (35) and Eq.
(36). The size is L = 4096, the disorder strength is h0 = 1, J0 = 0.025. For this
value of J0 the pseudo-ritial point is loated at α = 0.2 [16℄ Right: Crossover




behavior of χfrozen(T ) oming from the frozen lusters. Thus Fig. 3 shows that Grith's
behavior an indeed be observed above T ∗. For α > 0.2, the suseptibility behaves like
χ(T ) ∼ 1/T in the whole range of temperature.
In addition, given that we ompute separately χactive(T ) in Eq. (35) and χfrozen(T )
in Eq. (36) our numerial RG proedure allows to estimate T ∗ for whih these two
ontributions are equal, χactive(T
∗) = χfrozen(T
∗). In the right panel of Fig. 3, we show
a plot of T ∗ as a funtion of α. One observes in partiular that T ∗ shows an inexion
point as the pseudo-ritial point is rossed suh that T ∗ is atually quite small in the
Grith's region.
We now turn to the spei heat Cv(T ) of the spin degrees of freedom. Assuming
that one an also neglet the interation between frozen and non frozen lusters one












1 + exp (−βǫ)
(38)
where E(T ) is the internal energy at temperature T . In the Grith's region where
the restrited gap distribution has a nite L saling as in Eq. (33), one expets
E(T )−E(T = 0) ∝ T 1+1/z, thus Cv(T ) ∝ T 1/z without any ut-o at some temperature
T ∗. In analogy to χ(T ) we have omputed numerially E(T )− E(T = 0) (also averaged
over 104 disordered samples) for dierent values of α. On Fig. 4 we show a plot of
T−1(E(T ) − E(T = 0)) ∝ Cv(T ) as a funtion of T for dierent values of α. One
observes learly that the slope dereases as α is inreased, i.e. as the ritial point is
reahed. We tried to extrat an estimate of the dynamial exponent z by tting the
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urves in Fig. 4 by T−1(E(T ) − E(T = 0)) ∝ T 1/z at low T as well as by tting the
urves in the left panel of Fig. 3 by χ(T ) ∝ T−1+1/z for T > T ∗. Both estimates for z
oinide approximately but sine the data shown are lose to the pseudo-ritial point
(whih orresponds here to α = 0.2), it is rather hard to extrat properly the dynamial
exponent given that 1/z beomes quite small, thus one would ertainly need smaller
temperatures to obtain a reliable estimate of z.
We onlude this paragraph by noting that the data in Fig. 3 and 4 indiate that





















Figure 4. The saled energy T−1(E(T ) − E(T = 0)), whih is proportional to the
spei heat Cv(T ), for the disordered hain oupled to an ohmi bath as a funtion of
temperatur T in a log-log plot. Copmputations are done using Eq. (38). The dierent
urves orrespond to dierent values of α. Note that the low temperature behavior is
haraterized by dierent slopes for dierent α, orresponding to a varying exponent
1/z. The system size is L = 4096, the disorder strength h0 = 1, J0 = 0.025. For this
value of J0 the pseudo ritial point is loated at α = 0.2 [16℄.
3.2. Disordered ladder.
Our previous study on Ref. [16℄ was restrited to the one dimensional ase. Here, we
implement numerially the real spae renormalization dened by Eq. (23-25) and Eq.
(27-30) for a disordered ladder oupled to a dissipative bath. When onsidering a ladder
(as well as a two-dimensional square lattie) these deimation rules have to be slightly
modifed to take into aount the topology of the system [19℄. First, Eq. (25) has to
be modied. In this ase, the two spins 2 and 3 are ombined to a luster but when
we ompute the interations between this luster and the rest of the hain, one has to
onsider the ase in whih the two original spins 2 and 3 were atually oupled to the
same spin i. Although this does not happen in the initial ladder, suh a situation may
our during later stages of the renormalization. In this ase we set the ferromagneti
oupling of this spin i with the newly formed luster to
J˜i,cluster = max(Ji2, Ji3) . (39)
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The sum of the two bond strengths ould also be taken, but does not make a signiant
dierene when the probability distribution of the bond strengths is broad.
The deimation rule on Eq. (30) has also to be modied. This rule says that
when the spin on site 2 is deimated, eetive interations are generated between the
neighboring sites of 2. But during renormalization of the ladder there might already be






The topology of the system hanges drastially under renormalization. One starts with
a ladder and the deimations hange its struture into a random graph, but this hange
is straightforward to implement numerially.
In the absene of dissipation a ritial point was found for h0 = 1.9, J0 = 1 [19℄. In
the following we x h0 = 1.9 and J0 = 0.001 and we vary α. As it was done previously
for the disordered hain in Ref. [16℄ we rst fous on the restrited distribution of
the last elds in the samples that are non frozen (32). For small α, P˜L(h/Γ0) displays
Grith's like behavior as in Eq. (33). In the left panel of Fig. 5, one plots P˜L(h/Γ0) as
a funtion of log(Γ0/hL
z) with z = 1.7 for dierent system sizes L = 64, 128, 256, 512
for α = 0.2. The good data ollapse of the urves for dierent L is in a good agreement

































Figure 5. Saling plot of the restrited distribution P˜L(h/Γ0) of the last eld to be
deimated in the non-frozen samples for the disordered ladder oupled to an ohmi
bath. Here h0 = 1.9, J0 = 0.001. Left: In the Griths-region (α = 0.27): P˜L(h/Γ0)
as a funtion of log(Γ0/hL
z) for dierent system sizes L. The best data ollapse is
obtained with the dynamial exponent z = 1.7. Right: At the pseudo-ritial point
(α = 0.27): LψP˜L(Γ0/h) as a funtion of log (Γ0/h)/L
ψ
for dierent system sizes L.
The best data ollapse is obtained with the exponent ψ = 0.27(3).
inreasing α. This is depited in the left panel of Fig. 6 where one plots again P˜L(h/Γ0)
as a funtion of log(Γ0/hL
z) for dierent system sizes L but with z = 7.5 for α = 0.262.
However, despite the fat that the gap distribution displays Grith's behavior, the
magnetization is already nite. This an be seen by omputing the magneti moment






























Figure 6. Left: Saling plot of the restrited distribution P˜L(h/Γ0) of the last eld to
be deimated in the non-frozen samples for the disordered ladder oupled to an ohmi
bath. Here h0 = 1.9, J0 = 0.001 and α = 0.262, i.e. lose to the pseudo-ritial point
at α = 0.27. The best data ollapse is obtained by the dynamial exponent z = 7.5.
Right: Magneti moment µ(L) as a funtion of L in the Grith's region (parameters
as in the left panel). The linear behavior implies a non-vanishing magnetization meq
per spin.
of the last remaining luster as a funtion of the system size L, see the right panel of
Fig. 6. This behavior, whih is due to frozen lusters is very similar to the one observed
for the disordered hain [16℄.
Finally, one reahes a value of α where z is diverging and one observes a saling
harateristi for an innite randomness xed point as in Eq. (34). This is shown on




3.3. Two-dimensional square lattie.
We have also implemented the deimation rules in two dimensions for a square lattie.
Here also the topology of the system hanges drastially during renormalization. In
the absene of dissipation a ritial point was found for h0 = 5.35, J0 = 1. Here we
inlude dissipation, x J0 = 0.0001 and vary α. At small α one observes Grith's like
behavior of the restrited distribution as in Eq. (33). In the left panel of Fig. 7, we plot
P˜L(log(Γ0/h)) as a funtion of log (Γ0/h) for dierent system sizes L = 8, 16, 32, 64 and
α = 0.3. On the right panel, we show that these urves for dierent fall L on a master
urve if one plots them as a funtion of log(Γ0/hL
z) with z = 3.1. As we inrease the
value of α, one observes that z is also inreasing and eventually we identify a pseudo
ritial point, here for α = 0.37, where the restrited distribution has a saling form
harateristi for an IRFP as in Eq. (34) with ψ = 0.32. This is shown in Fig. 8.































Figure 7. The restrited distribution P˜L(h/Γ0) of the last eld to be deimated in
the non-frozen samples for the disordered square lattie oupled to an ohmi bath.
Parameter values fall into the Griths-region: the disorder strength is h0 = 5.35,
J0 = 0.0001 and the oupling to the bath is α = 0.3. Left: P˜L(log(Γ0/h)) as a
funtion of log (Γ0/h) for dierent system sizes L. Right: Saling plot of the data in
the left panel: P˜L(log(Γ0/h)) as a funtion of log(Γ0/hL
z) for dierent system size L.































Figure 8. The restrited distribution P˜L(h/Γ0) of the last eld to be deimated in
the non-frozen samples for the disordered square lattie oupled to an ohmi bath.
Parameter values orrespond to the pseudo-ritial point: the disorder strength is
h0 = 5.35, J0 = 0.0001 and the oupling to the bath is α = 0.37. Left: P˜L(log(Γ0/h))
as a funtion of log (Γ0/h) for dierent system size L. Right: Saling plot of the
data in the left panel: L˜ψPL(log(Γ0/h)) as a funtion of log(Γ0/h)/L
ψ
. The best data
ollapse is obtained with the exponent ψ = 0.32.
4. Super-ohmi dissipation.
We have implemented numerially the deimation rules for the super-ohmi bath, whih
orresponds to s > 1. In this ase the amplitude A in Eq. (18) and A′ in Eq. (28)



































For s > 1 iterations of the deimation rules (27) always onverge to a xed point value
h∗2 > 0 given in Eq. (29). Consequently, the spins an not be frozen by the dissipative
bath.
We rst present results for s = 3, whih orresponds to a phonon bath, and one
xes the oupling to te bath to α = 0.5 and the strength of the random transverse
eld to h0 = 1.0. All data presented here were obtained by averaging over 10
4
dierent
realizations of the disordered ouplings.
We rst fous on low value of J0. In Fig. 9, one shows a plot of PL(Γ0/h), the
distribution of the transverse eld ating on the last remaining luster as a funtion of
log(Γ0/hL
z) for dierent system sizes with z = 2.87. The good data ollapse of these
dierent urves suggests that PL(h/Γ0) exhibits Grith's behavior:
PL(log(Γ0/h)) = P(log(Γ0/hL
z)) . (42)
Notie that, at variane with the ase of ohmi dissipation (32) one has here AL = 1.

















Figure 9. Saling plot of the probability distribution of the last deimated eld for the
disordered hain with super-ohmi dissipation, here s = 3: PL(Γ0/h) vs. log (Γ0/hL
z)
(saling in the Griths region) for dierent system size L. The best data ollapse is
obtained with z = 2.87. The disorder strength is h0 = 1.0 and J0 = 0.55 and the
oupling to the bath is α = 0.5.
J0c = 0.78 one observes a saling harateristi for an IRFP
PL(log(Γ0/h)) = L
−ψPIRFP(L
−ψ log(Γ0/h)) , (43)
with ψ = 1/2 as in the ase without dissipation [3℄. This is shown in the left panel of
Fig. 10. In the absene of dissipation random elds and random bonds play a symmetri
role in the RTFIC. This is in priniple not the ase when one inludes dissipation in the
Hamiltonian (1). However, this symmetry is restored asymptotially, lose to the ritial
point. To show this, we have omputed PL(J/Γ0) where J is the last deimated bond.







































Figure 10. Left: Saling plot of the probability distribution of the last deimated eld
for the disordered hain with super-ohmi dissipation, here s = 3: LψPL(log(Γ0/h))
vs. (log(Γ0/h))/L
ψ
(IFRP saling) for dierent system size L with ψ = 1/2. The
disorder strength is h0 = 1.0 and J0 = 0.55 and the oupling to the bath is α = 0.78.
Right: The same as in the left panel but for the bond distribution instead of the eld
distribution. Note the similarity of the two distributions.
In Fig. 10 we show a plot of LψPL(log(Γ0/J)) as a funtion of (L
−ψ log(Γ0/h)) with
ψ = 1/2 for J0 = J0c. The good data ollapse, together with the similarities between
the plots shown on both panels of Fig. 10 suggest indeed that this symmetry between
bonds and elds is restored at the ritial point.
To haraterize this IRFP, we have also omputed the ombinations of the produts
of the exponents ϕψ where ϕ is another independent exponent assoiated to this IRFP.
This an be measured by omputing the disorder averaged orrelation funtion C(r) at
the transition. We ompute it by keeping trak of the lusters during the deimation
proedure and ompute C(r) = L−1
∑
iwi,i+r where wi,j = 1 if the sites i and j belong
to the same luster, and wi,j = 0 otherwise. We have heked that for RTFIC without
dissipation at the ritial point this gives the orret exponent [3℄ within 5% auray. A
plot of C(r) is shown on Fig. 11 for dierent system sizes L = 64, 128, 256, 512 and 1024.
This plot shows that C(r) ∝ r−η with η = 0.38(1), as in the ase without dissipation [3℄.
We have repeated the same proedure for dierent values of s and found the ritial
value J0c(s). We thus obtain the phase diagram in the plane (J0, 1/s) shown in Fig.
12 where a ritial line separates a paramagneti phase from a ferromagneti one.
Along this line, we have found a saling like in Eq. (43) with an exponent ψ = 1/2,
independently of s. One an atually estimate the shape of the ritial line in Fig. 12 by
assuming that the main eet of dissipation is to redue the amplitude of the random
transverse eld h0 to h
∗
0 given by Eq. (29). If one further assumes that bonds and elds
play a symmetri role at the ritial point (whih is fully ompatible with our numerial
results in Fig. 10), the ritial point is then given by the relation J0 = h
∗
0, as in the
RTFIC [3℄. This leads to






Finite temperature behavior of disordered quantum magnets with dissipation 19
 0.1










Figure 11. The disorder averaged orrelation funtion C(r) at the ritial point for
the hain oupled to a super-ohmi bath (here s = 3) for dierent system size L. The
disorder strength is h0 = 1 and J0 = 0.78 and the oupling to the bath is α = 0.5. The
error bars are smaller than the size of the symbols. The deay exponent ≃ 0.38 gives












Figure 12. Phase diagram for a disordered hain oupled to a super-ohmi bath
(exept for s = 1) and h0 = 1, α = 0.5. The error bars are smaller than the size of the
symbols. Along the line the ritial behavior is governed by an IRFP with ψ = 1/2
(see Fig. 10 above). The dashed line is the exat expression of the ritial oupling
given in the text (44).
whih is atually in very good agreement with our numerial estimates for the ritial
line in Fig. 12. Using the same arguments, one an also derive analytially the behavior














whih we have heked to be in good agreement with numerial results.
Our results thus suggest that for s > 1, the large sale L > Ls properties of the
system with super ohmi dissipation behaves at ritiality as the dissipationless system.
On the other hand, one expets that Ls is diverging when s → 1. To estimate its
behavior lose to s = 1 one observes that the typial energy sale at ritiality is given
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by Es ∝ h0 exp(−α/(s − 1)) (44). But given that the ritial behavior is governed by






the length above whih the system with super ohmi dissipation behaves like the one
without dissipation.
5. Conlusion
In this paper we have developed a real spae renormalization, whih ombines the
SDRG for strongly disordered quantum magnets with the adiabati renormalization
for spin-boson systems, to study disordered, ferromagnetially interating transverse
Ising systems oupled to a dissipative bath. In the important ase of ohmi dissipation,
we have rst extended our previous study in Ref. [16℄ to desribe thermodynamial
properties. In partiular we have shown that Grith's M-Coy singularities are visible
in the spin spei heat at all temperatures and in the magneti suseptibility above
a (small) temperature T ∗. For weak dissipation this temperature is extremely small
and system sizes above whih lassial behavior in the suseptibility beomes visible are
extremely large, whih represents a major obstale for numerial studies [21℄.
We have also shown that the disordered ladder as well as the 2d disordered square
lattie oupled to a ohmi bath displays the same behavior. Using this real spae
renormalization, we also studied the ase of super-ohmi dissipation (s > 1). There we
have found a quantum phase transition desribed by an IRFP, whih is the same as
the one found without dissipation. Suh a senario is expeted to hold also in higher
dimensions.
It would be natural to extend this approah to sub-ohmi dissipation (s < 1).
Unfortunately, it is well known that in that ase the adiabati renormalization fails
to desribe orretly the single spin-boson, whih in itself has been the subjet of
reent works [22℄. Therefore the problem of an innite hain (possibly disordered)
oupled to a sub-ohmi bath remains a hallenging problem whih surely deserves further
investigations.
A nal remark onerns the eet of dissipation upon magneti systems with
a ontinuous symmetry instead of the disrete (Ising) ase we studied in this work.
Griths-MCoy singularities are muh weaker in systems with a ontinuous symmetry
[23℄, and one would therefore expet that oupling to a dissipative bath would not
freeze the strongly oupled regions, but enhane their singular behavior. What atually
happens an elegantly be lassied aording to whether rare regions inluding their
long range interations in imaginary time due to dissipation are below, at or above their
upper ritial dimension [15℄. A disordered itinerant antiferromagnet, for instane,
was reently studied with the strong disorder renormalization group and an innite
randomness xed point was found [24℄, inluding the aompanying algebrai Griths-
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MCoy singularities. On the other hand non-intinerant antiferromagnets, involving
loalized magneti moments, in spatial dimensions larger than 2 like the Heisenberg
antiferromagnet on the square lattie, will not show pronouned Griths-MCoy
behavior sine here the Neél ordered ground state is very robust against disorder [25℄
and no quantum ritial point ours. The eet of dissipation upon strongly disordered
magnets thus depends ruially on the eet of disorder itself on the system's ground
state.
Aknowledgments
We thank Y.C. Lin for useful disussions and aknowledge nanial support of the
Deutshe Forshungsgemeinshaft (DFG).
Appendix A. A toy model for an Ising hain with ohmi dissipation
To understand qualitatively the full problem desribed by the Hamiltonian (3) with
ohmi dissipation, it is instrutive to onsider a simpler model where one onsiders a
RTFIC without dissipation but with a nite fration ρ of zero transverse elds. We
thus study in detail in this appendix the RTFIC Hamiltonian with k sites having zero













i and hi1 = . . . = hik = 0 . (A.1)
First, one immediately sees that the distribution PL(h/Γ0) shows the same behavior as
in Eq. (32) with AL ∼ e−L/L
∗
and in the small ρ limit, L∗ ∝ ρ−1. Besides, the loal zero
frequeny suseptibility is






























where {|n〉} is a omplete basis of eigenvetors of H (A.1). Their orresponding
eigenvalues En are suh that E0 < E1 < E2 < .... The rst term in Eq. (A.3) yields at
zero temperature in the non-degenerate ase (all transverse elds positive, nite system
size L) the known formula







sine then 〈0|σzi |0〉 = 0 and the last term in Eq. (A.3) vanishes.
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If one or more transverse elds vanish the Hamiltonian beomes blok-diagonal. We
hoose z-representation, suh that states an be denoted ψ = |S1, . . . , SL〉, with Si = ±1.
For onveniene we permute the omponents suh that the site i1, . . . , ik with the k
vanishing transverse elds hi1, . . . , hik stand to the left: ψ = |Si1, . . . , Sik , Sj1, . . . , SjL−k〉.
All 2k bloks are idential up to the diagonal part −
∑
i JiSiSi+1. As a result the two
bloks belonging to the states with Si1 = . . . = Sik (ferromagnetially aligned frozen
spins), have the lowest ground state energy. Obviously
〈ψ|σzip|ψ〉 = Sip for p = 1, . . . , k (A.5)
〈ψ|σzi |ψ
′〉 = 0 for i = 1, . . . , L, (A.6)
and (Si1 , . . . , Sik) 6= (S
′
i1
, . . . , S ′ik) .
At low temperatures (T → 0) the main ontributions in the sums in (A.3) omes form
the terms with En = E0 or Em = E0, the ground state energy. When k 6= 0 there
are two ground states |0S〉, one with S = +1, one with S = −1. For T → 0 Z an
be replaed by 2e−βE0, sine Z = 2e−βE0(1 +
∑
m e
−β(Em−E0)). The two ground states
produe also an extra fator 2 (in addition to the one for the sum over n 6= m, where
either |n〉 or |m〉 an be the ground state):



















2 + β|〈0|σzi |0〉|
2 . (A.7)
The usual argument leading to χi(ω = 0) ∝ T−1+1/z in the Griths-MCoy phase of
the RTFIC with k = 0 involves negleting the terms n > 1 in the rst sum in (A.7).
This leads to χi(ω = 0) ∼ (∆E)−1, where ∆E = E1 − E0 is the gap, whih follows
the distribution P (∆) ∼ ∆−1+1/z . In the present ase this distribution has a ut-o
at ∆min that is exponentially small in L
∗
, the average distane between sites with zero
transverse elds. Thus one expets the rst term of (A.7) to display T−1+1/z-behavior




. The seond term is β ·m2i , where mi is
the loal magnetization in (one of) the ground states - and is non-zero due to (A.5). It
deays exponentially with the distane x from the nearest frozen site ip: mi e
−x/2
, thus










Thus a T−1-behavior oming from the seond term in (A.7) with amplitude of order
1/L∗ ompetes with a T−1+1/z-behavior with amplitude of order 1 oming from the rst
term in (A.7). The latter dominates for temperatures above a ross-over temperature
Tcross, whih is given by
Tcross ∼ (L
∗)−z , (A.9)
whih is larger then Tmin (aused by the nite average length L
∗
of the segments) but
still very small when L∗ ≫ 1 (for instane for L∗ = 103 and z = 2 one has Tcross ∼ 10−6).
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